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Introduction.
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Teichmuller components

S: a compact connected orientable surface with x(S) < 0.

M(S): the set of complete finite-volumed Riemannian metrics on S.
Diffy(S): the identity component of the diffeomorphism group of S.
T(S) = M(S)/Diff(S): the Teichmiiller space for S.

The Teichmiiller space is identified with a space of representations.

T (S) = {p € Hom(m1(S),PSLy(R)) | p is discrete and faithful}/Conj.
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Teichmiller components

S: a compact connected orientable surface with x(S) < 0.

M(S): the set of complete finite-volumed Riemannian metrics on S.
Diffy(S): the identity component of the diffeomorphism group of S.
T(S) = M(S)/Diffo(S): the Teichmiiller space for S.

The Teichmiiller space is identified with a space of representations.

T (S) = {p € Hom(m1(S),PSLy(R)) | p is discrete and faithful}/Conj.

Theorem (Goldman '88)

The subset of Hom(71(S), PSLa(R))/conj, denoted by Fuchy(S), which
consists of discrete, faithful representations is a connected component.

Yusuke Inagaki (Osaka Univ.) Fuchsian locus - / 32



Teichmiller components

S: a compact connected orientable surface with x(S) < 0.

M(S): the set of complete finite-volumed Riemannian metrics on S.
Diffy(S): the identity component of the diffeomorphism group of S.
T(S) = M(S)/Diffo(S): the Teichmiiller space for S.

The Teichmiiller space is identified with a space of representations.

T (S) = {p € Hom(m1(S),PSLy(R)) | p is discrete and faithful}/Conj.

Theorem (Goldman '88)

The subset of Hom(71(S), PSLa(R))/conj, denoted by Fuchy(S), which
consists of discrete, faithful representations is a connected component.

@ The component Fuchy(S) is called Teichmiiller component.

@ A representation p : m1(S) — PSLa(R) is called a Fuchsian
representation if p is discrete and faithful. (i.e. [p] € Fuchy(S5)).

@ F»(S): the set of Fuchsian representations.
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PSL,(R)-Hitchin components (1)

e The PSL,(R)-representation variety for 71(S) is the set of
PSL,(R)-representations of 71(S) with the compact open topology.

Rn(S) = Hom(m1(S), PSL,(R)).

e PSL,(R) ~ R,(S): the conjugate action.
e The PSL,(R)-character variety for 71(S) is the GIT-quotient space

Xn(S) = Rn(S)//PSLa(R).
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PSL,(R)-Hitchin components (1)

e The PSL,(R)-representation variety for 71(S) is the set of
PSL,(R)-representations of 71(S) with the compact open topology.

Rn(S) = Hom(m1(S), PSL,(R)).

e PSL,(R) ~ R,(S): the conjugate action.
e The PSL,(R)-character variety for 71(S) is the GIT-quotient space

Xn(S) = Rn(S)//PSLa(R).

Theorem (Hitchin '92)

Suppose that S is closed. For n > 3

3 ifn: odd

# of components of X,(S) = _
6 ifn: even.
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PSL,(R)-Hitchin components (2)

@ i, : PSLy(R) — PSL,(R): the irreducible representation.
® (tn)s : X2(S) = Xn(S) : (1n)«([p]) = [tn 0 p]-
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PSL,(R)-Hitchin components (2)

@ i, : PSLy(R) — PSL,(R): the irreducible representation.
® (tn)s : X2(S) = Xn(S) : (1n)«([p]) = [tn 0 p]-

Definition

The PSL,(R)-Hitchin component for S, denoted by Hit,(S), is the
connected component of X,(S) containing Fuch,(S) = (¢n)«(Fucha(S5)).
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PSL,(R)-Hitchin components (2)

@ i, : PSLy(R) — PSL,(R): the irreducible representation.
® (tn)s : X2(S) = Xn(S) : (1n)«([p]) = [tn 0 p]-

Definition

The PSL,(R)-Hitchin component for S, denoted by Hit,(S), is the
connected component of X,(S) containing Fuch,(S) = (¢n)«(Fucha(S5)).

e We call p € R,(S) a Hitchin representation if [p] € Hit,(S).
@ H,(S): the set of Hitchin representations.

@ Fuch,(S): the Fuchsian locus.

@ 1p0p € RHS) (p € F2(S)): an n-Fuchsian representation.

o F,(S): the set of n-Fuchsian representations.
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The Bonahon-Dreyer's parametrization

@ L: a geodesic maximal oriented lamination on S with finite leaves.
@ hy,---, hs: biinfinite leaves in L.

® gy, - ,8 closed leaves in L.

@ Ty,---, T, ideal triangles in S\ L.
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The Bonahon-Dreyer's parametrization

@ L: a geodesic maximal oriented lamination on S with finite leaves.
@ hy,---, hs: biinfinite leaves in L.

® gy, - ,8 closed leaves in L.

@ Ty,---, T, ideal triangles in S\ L.

Theorem (Bonahon-Dreyer '14)

There exists an onto-homeomorphism

&, : Hity(S) - RN
Or([p]) = (e (Tis vi) -+ s aly(hy), -+ o8l ).

where bec, O'Z are the triangle, shearing invariant defined by

Bonahon-Dreyer. (We will define later.)
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Main result

Goal: To describe Fuch,(S) explicitly by using the Bonahon-Dreyer’s
parametrization for a pair of pants.
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Main result

Goal: To describe Fuch,(S) explicitly by using the Bonahon-Dreyer’s
parametrization for a pair of pants.

@ P: a pair of pants.

@ L: the geodesic maximal lamination on P in the figure below.

® pp € Fp(P): any n-Fuchsian representation of 71 (P).

We can explicitly compute ®,([pn]). \
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The Bonahon-Dreyer's parametrization.
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Anosov property of Hitchin representations

@ A representation p : m1(S) — PSL,(R) is called an Anosov
representation if p lifts to an SL,(IR)-representation whose flat
associate bundle T1S x, R" satisfies some dynamical property.

@ Hitchin representations are Anosov.
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Anosov property of Hitchin representations

@ A representation p : m1(S) — PSL,(R) is called an Anosov
representation if p lifts to an SL,(IR)-representation whose flat
associate bundle T1S X, R" satisfies some dynamical property.

@ Hitchin representations are Anosov.

Theorem (Labourie '06, Fock-Goncharov '06)

Let p: m1(S) — PSL,(R) be a Hitchin representation. Then there exists a

unique continuous p-equivariant map &, : aoo§ — Flag(R"™) with the
hyperconvexity and positivity.

e We call ¢, flag curve. (Anosov map, limit map.)
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Construction of the Bonahon-Dreyer's parametrization.

Theorem (Bonahon-Dreyer '14)
There exists an onto-homeomorphism
&, : Hity(S) » RV
Or(lp]) = (75pc(Tis i) -+ s og(hy), -+ oe(gi), ).

where bec, UZ are the triangle, shearing invariant defined by
Bonahon-Dreyer. (We will define later.)

o peMn(S) T, o5 hur b

e Flag curves are characterized by the invariants 7hgr, oh.
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Triangle invariant

(&3
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Construction of the BD coordinate(Triangle invariant)

@ p,&,: a Hitchin representation and its flag curve.
e T;: an ideal triangle in S\ L.
° 7',-: a lifting of T; in S.

o v, v, v": ideal vertices of T;.
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Construction of the BD coordinate(Triangle invariant)

@ p,&,: a Hitchin representation and its flag curve.
Ti: an ideal triangle in S\ L.

7',-: a lifting of T; in S.

v, v/, v'": ideal vertices of T;.

p,q,r: integers s.t. p,gq,r>1land p+qg+r=n.
We choose nonzero elements

e e ND &, (V) FD) e AD ¢, (VYD g e AD ¢, (v7)D.
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Construction of the BD coordinate(Triangle invariant)

@ p,&,: a Hitchin representation and its flag curve.
Ti: an ideal triangle in S\ L.

7',-: a lifting of T; in S.

v, v/, v'": ideal vertices of T;.

p,q,r: integers s.t. p,gq,r>1land p+qg+r=n.
We choose nonzero elements

e e A&, (v)D, £ e AD £, (YD), gD e AD ¢, (7))

Definition (Triangle invariant)

X(p+1,q,r-1) X(p,g—1,r+1) X(p—1,9+1,r)
pqr(T,,v) log . .
X( 1)q7r+1) X(p,q+1,r—1) X(p+17q_17r)

where X(p, q,r) = elP) A £(9) A g(r)
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Shearing invariant
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Construction of the BD coordinate(Shearing invariant)

@ h; € L: a biinfinite leaf in L.

@ T, T': the ideal triangle which are on the left, right of h; respectively.
° F,-: a lifting of h;.

o T,T': the lifting of T, T’ containing h;.
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Construction of the BD coordinate(Shearing invariant)

@ h; € L: a biinfinite leaf in L.

@ T, T': the ideal triangle which are on the left, right of h; respectively.

° F,-: a lifting of h;.

o T,T': the lifting of T, T’ containing h;.

o x,y,z,2": ideal vertices of T, T".

o We choose nonzero elements el € A() &) F0) ¢ AD &,(y)D,
g e NV g, (2)D, g e \D ¢, ().

@ p: anintegerwith 1 < p<n-—1.
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Construction of the BD coordinate(Shearing invariant)

@ h; € L: a biinfinite leaf in L.

T, T': the ideal triangle which are on the left, right of h; respectively.
71,-: a lifting of h;.

T, T': the lifting of T, T’ containing h;.

x,y,z,2': ideal vertices of T, T'.

We choose nonzero elements el € A() &) F0) ¢ AD &,(y)D,
g e NV g, (2)D, g e \D ¢, ().

@ p: anintegerwith 1 < p<n-—1.

Definition (Shearing invariant)

L Y(e) Y1)
7o) =18 ) Ve —1)

where Y(i) = e() A F(=I=1) A g(1) and Y/(i) = el) A F(1=7=1) A g/(1)
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Parameterizing the Fuchsian locus.




The Bonahon-Dreyer's parametrization for our case.

We apply the Bonahon-Dreyer's parametrization to our case.
@ P : a pair of pants.

@ L: the maximal lamination.
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The Bonahon-Dreyer's parametrization for our case.

We apply the Bonahon-Dreyer's parametrization to our case.
@ P : a pair of pants.
@ L: the maximal lamination.

Then, the following map is an onto-homeomorphism:

&, : Hit,(P) — RN,

®e(lp]) = (oh(hag), -~ op(hec), - op(hca), -
T pqr(T07V0) ’ pqr(TlvVl) ).
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The Bonahon-Dreyer's parametrization for our case.

We apply the Bonahon-Dreyer's parametrization to our case.
@ P : a pair of pants.

@ L: the maximal lamination.

Then, the following map is an onto-homeomorphism:

&, : Hit,(P) — RN,
®e(lp]) = (oh(hag), -~ op(hec), - op(hca), -
T pqr(T07V0) ’ pqr(TlvVl) ).

Remark.

The shearing invariants of the closed leaves in boundary are determined by
other invariants.
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Lamination
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Outline of the computation

Goal: To describe Fuch,(S) explicitly by using the Bonahon-Dreyer’s

parametrization for a pair of pants. In particular, we compute ®.([ps])
for any n-Fuchsian representation.
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Outline of the computation

Goal: To describe Fuch,(S) explicitly by using the Bonahon-Dreyer’s
parametrization for a pair of pants. In particular, we compute ®.([ps])
for any n-Fuchsian representation.

QOutline.

1. We parameterize p € F,(P) by the hyperbolic length of the boundary
components.

2. Describe the flag curve &, of p, = 150 p.

3. Compute the invariants 05", Thar.
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1. Parameterizing Fuchsian representations

e m € 7 (P): a hyperbolic structure on P.
@ S: the set of simple closed curves.

@ Im: S — Ryg: the length function associated to m.
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1. Parameterizing Fuchsian representations

e m € 7 (P): a hyperbolic structure on P.
@ S: the set of simple closed curves.

@ Im : S — Ryg: the length function associated to m.

Proposition

The following map is a diffeomorphism.

T (P) — R3>0,
m = (ln(A), In(B), In(C)).
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1. Parameterizing Fuchsian representations

m = (/a, I, Ic) : the hyperbolic length of the boundary components.
a, b, c: the homotopy classes of A, B, C.

m1(P) =< a,b,c | abc =1 >: a presentation.

p: a Fuchsian representation.
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1. Parameterizing Fuchsian representations

e m = (Ia, g, Ic) : the hyperbolic length of the boundary components.
@ a, b, c: the homotopy classes of A, B, C.
e m(P)=<a,b,c| abc =1 >: a presentation.

@ p: a Fuchsian representation.

Proposition (I.)
If p is a Fuchsian representation associated to m, then p is conjugate to
the following representation.

p(a) = [(O; aﬁfyai—lofl} , p(b)= [_/3—17_ ,Y—l 791]

where a, 3,7 : R3§ — R is defined by

alla, I, Ic) = €472, B(la, I, Ic) = ™12 y(la, 15, Ic) = e7/2/2.
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Developing image

oy
ﬂ‘
~ l
1

iy

N




2. Describing the flag curve &, : 08 — Flag(R")

® pn=1tnop € Fu(P): an n-Fuchsian representation.
e Dev,: P — H?: the developing map associated to p.
@ The developing map Dev, gives the embedding 0. P — OscH2.
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2. Describing the flag curve &, : 08 — Flag(R")

® pn=1tnop € Fu(P): an n-Fuchsian representation.

e Dev, : P — H2: the developing map associated to p.

@ The developing map Dev, gives the embedding 0. P — OscH2.
e V = Spang < X"71, X"2Y ... Y"1 >: an n-dim. R-vec. sp.
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2. Describing the flag curve &, : 08 — Flag(R")

® pn=1tnop € Fu(P): an n-Fuchsian representation.

e Dev, : P — H2: the developing map associated to p.

@ The developing map Dev, gives the embedding 0. P — OscH2.

e V = Spang < X"71, X"2Y ... Y"1 >: an n-dim. R-vec. sp.
We define a subspace W()(z) of V for z € O, H? as follows.

W) (z) = the set of polynomials which can be divided by
(X + V) (2 # o)
xn=i (z = 0).

Set W(©)(z) =0 for any z.
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2. Describing the flag curve &, : 08 — Flag(R")

® pn=1tnop € Fu(P): an n-Fuchsian representation.

e Dev, : P — H2: the developing map associated to p.

@ The developing map Dev, gives the embedding 0. P — OscH2.

e V = Spang < X"71, X"2Y ... Y"1 >: an n-dim. R-vec. sp.
We define a subspace W()(z) of V for z € O, H? as follows.

W) (z) = the set of polynomials which can be divided by
(X + V) (2 # o)
xn=i (z = 0).

Set W(©)(z) =0 for any z.

Ep : OooP 22 9. H2 5 Flag(R")
z = (WO(2))iz0

=VU,---,n
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Computation (1)

7—gtrylr( :,:07 OO)

Set £ = ¢, (00), F = €,,(1), G = £,,(0).
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Computation (1)

7—ggr( :,:07 OO)

Set £ = ¢, (00), F = €,,(1), G = £,,(0).

Flags.

EP = Spanp < X"7L X"72y, ... X"TPYPTL S

F@ = Spang < (X4 Y)"9XT (X 4+ Y)"9IXT2Y o (X4 Y)Y 1>
G Spang < Y"1 XY"2 ... XrTlynTrs
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Computation (1)

7—[))trylr( :,:07 OO)

Set £ = ¢, (00), F = €,,(1), G = £,,(0).

Flags.

EP = Spanp < X"7L X"72y, ... X"TPYPTL S

F@ = Spang < (X4 Y)"9XT (X 4+ Y)"9IXT2Y o (X4 Y)Y 1>
G = Spang < Y"1 XY"2 ..o XrTlynTr s

Nonzero elements.

eP) = X"IAXTEY A AXTTPYPTL
FD = (X4 Y)IXTIA(X 4 Y)TIXT2Y A A (X4 Y)Y
gl = YrIAXYTTZAL AXTTLYTT
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Computation (2)

X(p+1,q,r—1)‘X(p,q—1,r+1)‘X(p—1,q+1,r)
X(p_lvqar+1) X(p’q+1ar_1) X(p+17q_1’r)

qur( To, o0) = log

where X(p, q,r) = eP) A £ A g(1),
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Computation (2)

X(p+17qar_1) X(pvq_17r+1) X(p_17q+1?r)

P (T — | : ‘
Tpar( T0,0) OgX(p—l,q,r—i-l) X(pyg+1,r—1) X(p+1,9—1,r)

where X(p, q,r) = eP) A £ A g(1),

Fix a basis by = X", by = X"2Y,--- b, = Y"1 of V. Then

(X+Y)raxa-kykt = (” ; q) bt (" I q) bict1t +<Z : Z) bn—g+k-

Yusuke Inagaki (Osaka Univ.) Fuchsian locus




Computation (2)

X(p+17qar_1)X(pvq_17r+1)X(p_17q+1?r)
X(p_lvqar+1) X(p’q+1ar_1) X(p+17q_1’r)

qu,( To, o0) = log

where X(p, q,r) = eP) A £ A g(1),

Fix a basis by = X", by = X"2Y,--- b, = Y"1 of V. Then

(X+Y)raxa-kykt = (” ; q) bt (" I q) bict1t +<Z : Z) bn—g+k-

Notation.

<n>: Sy 0=psn)
0

(otherwise).
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Computation (3)

G B Gary (1)
oGy (51
Ao To) = | I (2r) @5 |
Loy (e 1)
e B (s (9

1, O (€ — (A0
X(p,q,r) = qur(TO) = :
0

and X(p,0,r) =1 for all p,r.
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Triangle invariant qu,(To, oo)(p,g,r>1st.p+q+r=n).

X 1,q,r—1) X ~1,r4+1) Xp(p—1,g+1
21 (T, 00) = log nPp+t1l,qr—1) Xn(pg—1,r+1) Xp(p—1,9+1r)

par Xr(p—1,q,r +1) Xr,(p,g+1,r—1) Xp(p+1,q—1,r)
where "y iy
(pp ) e (p,—)q—&-l)
X1o(p,q,r) = : :
(ram) (73

if ¢ # 0 and X7,(p,0,r) =1 for all p,r.
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Triangle invariant ngr(:,v-]_, oo)(p,q,r>1s.t.p+q+r=n).

Pn _ XTl(P+1>q7r_1) XT1(p7q_17r+1) XTl(P_laQ‘i‘l,r)
qur(TL ) = |0g . .
XTl(pf]-vqar+1) XT1(p7q+17r71) XT1(p+]-aq717r)

where

LN (=BT - (,f_’fil)(—ﬂv)‘”"l
X7, (p,q,r) = (—1)9+1) : :
(ord) (=BTt .. (p+q)( B)9

if r#0 and X1,(p, q,0) = (—1)9 for all p, q
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Shearing invariant 05" (hag)(1 < p < n—1).

where

YhAB(p) . Yf/’AB(p_ 1)
YI;AB(:D) Yhas(p—1)

O'Fp)"(hAB) = log —

oa(o) = (" 1) (o

Vo) = (et (7).

p
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Shearing invariant 05" (hgc)(1 < p < n—1).

Yth(p) . Y;;BC(P - 1)
YABC(p) Yth (P - 1)

ot (hsc) = log —

where
() () G
Yiae(p) = (~1)" PP : :
p+1 . p+1 n—1 /6 p
(n—p—l) ( 1 ) (n—p—l)(ﬁ _|_,V)
if p#£n—1and Yp, (n—1)= (—1)”_1("61)(ﬁf_7)"_1,
(pTl) (—:;rpl+3)

Viee(p) = (1) 74 ;
(Eph) - (1)

ifp#An—1and Y] (n—1)=(-1)""1
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Shearing invariant 0" (hca)(1 < p < n-—1).

hCA(p) Y/;CA(p_]')
hCA(p) Yhea(p — 1)

Ug"(hCA) = log —

(7020 o (G5 (s 1)(a257+1)
Yhea(P) = (=1)"| :
G G () 26y 4 1)
if p#0and Y}, (0) =1,

(nfgfl) e (nn:2[:))

Vieap) = (-1)"

if p#£0and Yy (0)=1.
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Thank you for your attention!!
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