Homology groups of neighborhood complexes of graphs

(Introduction to topological combinatorics)
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Chromatic number

G = (V,E) : simple graph(no loop, no multi edge)

[n] :={1,2,...,n}

c: V — [n] is a coloring £ "{u,v} € E = c(u) # c(v)"
We define the chromatic number x(G) of G by

X(G)=min{n € N|3c: V — [n] coloring}
We define the complete graph K, by
V(Kn) = [n], E(Kn) = {{u, v}|u,v € [n],u# v}.

We can easily see x(K,) = n.
Let C, be a graph such that
V(C,) = [n], E(Cy) ={{1,2},{2,3},...,{n—1,n},{n,1}}.

nis even = x(C,) =2. nis odd = x(C,) = 3.
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Neighborhood complexes

G = (V,E) : simple graph (no loop, no multi edge)
ACV

CN(A) :={v|{v,a} € E for Va € A}

N(G) :={AC V|CN(A) # 0} (neighborhood complex)
N(G) is a simplicial complex.

{A| A is a maximal face of N(G)} C {CN({v})|v e V(G)}
N(Gs),
G: ij N(Gy) f % 4|
3 5

The homology groups of N(G) can be easily calculated using a computer.
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N(Gs)

CN({1}) = {2,6,7}, CN({2}) = {1,3,4},
CN({3}) = {2,4}, CN({4}) = {2,3,5}, CN({5}) = {4,6},

CN({6}) = {1,5}, CN({7}) = {1,8}, CN({8}) = {7}

Proposition
[N(Kn) = A,_1 (the set of all proper faces of a (n — 1)-simplex A,,_l)j
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Box complexes
G=(V,E) ApLACV
AL Ay AL < (1Y U Ay x {2} € V x {1,2}
B(G) :={A1 WAy | A, Ay C V, AL N Ar = 0,
"u€e A,veA={uvieE,
CN(A1) # 0 or CN(Az) £ 0}

Proposition

1B(G)| =~ [N(G))] ]

T: B(G) — B(G), Al A — AW A (T2 = 1)
B(G) is a free Zp-space.
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Graph homomorphisms
G, H : simple graphs
f: V(G) — V(H) is a graph homomorphism
&Ly, v} € E(G) = {f(u), f(v)} € E(G)"
d graph hom G — K,
x(6)=n &
4 graph hom G — K,_1

A graph hom f: V(G) — V/(H) induce a simplicial map

B(f): B(G) — B(H), A1 W Ay — (A1) W f(A2).

B(f) is a Zy-map.

(B(F)(T(A1® A2)) = B(F)(A2W A1) = (A2) W F (A1) = T(F(A1) W (A2))
= T(B(f)(A1 & Az)))

X(G)=n = 3g: |B(G)| — |B(Kn)| Zp-map
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e A generalized Borsuk-Ulam theorem ~N

K, L : free Zp-simplicail complexes (K and L are finite)
K is connected and Hy(K;Z/2) =0 for 1 = p < n. Hy(L;Z/2) =0
forp=n+1

Then, there is no Zy-map from |K]| to |L|.

N J

B(G)| ~ [N(G)|, |B(Ki)| ~ [N(Ki)| = k2

Theorem(Lovasz + x)

If N(G) is connected and Hy(N(G);Z/2) = 0 for 1 < p < n, then
x(G) =2 n+3.
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Kneser-Lovasz theorem

Kneser graph KG, x  (2k < n)

V(KGny) <[:]> (([k]) — (Ac[n]|]Al = k})

Al,Az C V(KGn,k)y
{A1, A} € E(KGpi) €5 A1 N Ay =0
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Kneser-Lovasz theorem (1978)
[X(KG,,J() =n—2k+2 ]
(proof) c: V(KGp k) = [n— 2k + 2], A= min{min A, n — 2k + 2}
is a coloring. (.. X(KGp k) = n—2k+2.)

Lovasz proved that |N(KG, k)| is (n — 2k — 1)-connected.
SoxX(KGpk) 2 (n—2k—1)+3=n—-2k+2.

Remark. In fact, Lovdsz consider

L(G) = {(Ao,- .-, Ax) | Ai € N(G), CN?(A;) = A;, Ag C --- C Ax}

which is a subcomplex of sd(N(G)). L(G) ~ N(G). L(G) has a Zy-action
by CN.
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Giand G, are examples such that Hy(N(G;); Z2) # 0 and
x(G)=4=23+0. (i=1,2)

pa R

indz, B(G) := min{n|3 Zy-map f: |B(G)| — S"}
Proposition. x(G) = indz,B(G) + 2

indz, B(G1) = 2, indz, B(G2) =1,
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G is a triangulation graph of D?
4t | 3K : a triangulation of D?(|K| ~ D?)
<~

st. 6=KWU ={secK|dmo <1}
G :triangulation graph of D?> = x(G) =3 or 4.

Theorem(Tomita)

G :triangulation graph of D?
IN(G)| is k-connected and is not (k + 1)-connected = x(G) = k + 3.

vb

Y. Hara (Osaka Univ.) Homology groups of neighborhood complexes October 21, 2017 11 /18

4 45|mplex 2
N(W;)



Circular chromatic number
c: V — [n] is a (n, k)-coloring (n = 2k)
def. | € is a coloring
—
k < lc(x)—c(y)| = n—kforall {x,y} € E

The circularl chromatic number x.(G) is defined by
Xc(G) = inf {% |Jc: V — [n] (n, k)—coloring}

-~ Proposition(Bondy-Hell) ~

(1) G hasa (p, g)-coloring , p/q < p'/q'(p’ and ¢’ are positive integers)
= G has a (p’, ¢')-coloring.

(2) [V(G)| = n, G has a (p, g)-coloring with gcd(p,q) =1 and p > n

= G has a (p/, ¢')-coloring with p’ < p and p’'/q' < p/q. )
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~ Corollary N

xe(6) = min { £ [3c: v~ [p] (p, )-coloring, p < [V(G)|}
g Y,

-~ Proposition(Bondy-Hell) ~
G) — 1< xc(G) = x(G).

L x(G) xe(6) = x(6) )

( Proof') (p, 1)-coloring c is a coloring c: V(G) — [p]. .. xc(G) = x(G).

If there exists a (p, g)-coloring such that p/q < x(G) — 1, then there
exists a (x(G) — 1, 1)-coloring by the proposition written in the previous

page. .. xc(G) > x(G) — 1.
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The circular chromatic number of Kneser graphs

Theorem(P-A, Chen)
[ XC(KGn,k) - X(KGn,k)- ]

First, Johnson, Holroyd and Stahl studied the circular chromatic number

of Kneser graphs, and conjectured that the above equality always
holds(1997).

Meunier and Simonyi-Tardos proved that if n is even then
Xc(KGp k) = x(KGp k), independently(2005, 2006).

Chen completely proved the equality always holds(2011).

Chang, Liu and Zhu give a short proof of this theorem(2013).
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We recall
X(G)=min{n e N|3f: V — K, graph hom}

For the circular chromatic number, we define a graph G, 4 by.

V(Gp,q):[P]
{u,v} € E(Gpq) & g=|u—v|=p—q

Then, xc(G) = min {% |3f: V — Gpq graph hom.}.
3f: G — Gpq graph hom. = 3f: |B(G)| = |B(Gp.q)| Zo-map.
We will study the topology of |B(Gp.q)|(~ |N(Gp,q)|).
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( Theorem ~
p>2q
In case 2q 1 p,
Z (k=0ork=2£]-1))
Hi(N(Gp,q): Z) = %
0 (k#0,[£]-1)
In case 2q | p,
Z (k =0)
Hi(N(Gp,q)i Z) = 22971 (k = £-2)
0 (k#0,2 ~2)
N J
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|
Proposition
X(G) is even(x(G) = 4), N(G) is connected and H,(N(G);Z/2) =0
for 1 < p < x(G) -3,
= Xxc(6) = x(6).

(Proof ) Put n = x(G) and £ = xc(G). Assume that £ < n.

There is a graph homomorphism f: V(G) = V(Gp.q).

We have the induced Zy-map B(f): B(G) — B(Gp.q).

Because B(G) is connected and H,(B(G);Z/2) = H,(N(G); Z/2) = 0 for
1 < p < n— 3, there exist a integer k such that k =2 n— 2 and
Hi(N(Gp,q); Z/2) = Hi(B(Gp,q); Z/2) # 0 (by a generalized Borsuk-Ulam
theorem).

Because n is even and % < n, L%J = 5 — 1. Therefore

Hi(N(Gpq); Z/2) = 0 for k 2 n — 2. This is contradiction. O
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For Kneser graph KGp, « (n > 2k), x(KGp k) = n—2k +2 and
Ho(N(KGpk);Z/2) =0for1 < p < n—2k—1.
Therefore if n is even, xc(KGp k) = X(KGp k).

There exists a graph G such that N(G) is connected, H,(N(G);Z/2) =0
for 1< p < x(G)—3 and xc(G) < x(G). (x(G) is odd.)

X(Go2) =5, Hk(N(Go2);Z/2) =0 for k =1,2,

H3(N(Go); Z/2) = Z/2Z

Xe(Gop) = 5 < Xx(Gop).
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