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00000 (Kleene 1943)
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00000 (Davis, Mostowski; Kleene 1955)

\/ \ / \/ \/ \
/\HO/ \Hl/ \Hl/ \Hl/

o I0I0DO:000C0O0DOODOOOOODOOOOONDOODOODN

0Z:,:HDDDDDDDnDDDDDDDDDDDDDDDD
oboobOoooobOoboooooooon
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0000000 (Putham 1965)
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() Ag =000000; (k € A? Answer: n,n,Y,Y,y,n,y,Y,Y,Y;--.
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@ E.M.Gold (1967): 00O OOOOOOOOOOOOO
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00000 (Hausdorff, Lebesgue, and others; 1900—10s)

VNN /G‘”’\
clopen F,NGs Fos NGse
Nawd” Na N /

closed

o 00O DLO0ODbOObLOobObObLbOObLOObLOODbOOn
gboooboobooboobobbooboobon

o, IO0O000DODODOOODODOO
ol 000000 OOOOOODOOOO

ooo
@ G,-0O00ODOO0ODODOOOOF (open) 0000 G(closed) 00000000
e 00DDOOOOOOONOND T,OOO G-O0OODOODO

@ G-UUOOOUUOOODOUOOoOOoODOoooooooooooooooo
00000000000000000 (cf. de Brecht 2014)
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@ Luzin (1920s): “One does not know, and one will never know.




0000 (Hausdorff 1914 for F, N Gs; Kuratowski for general)
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The Hausdorff difference hierarchy
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Wadge 0 OO0 (1970s)

\ a \, SN ./'\./'\_._ '\./'\_._
/\/\/ NN NS
cofinality w cofinality > w

@ Wadge OO I ...... ooboobooobooooooobooon
oobo0 XxXooooo A,BeXxOOooonO

A<y B < (Af:X->X0O0)A=f"[B]

e AD)w®0 00000000 <xwOODOOCOOOOO
000Dl 00000O00OO0DOobOobobonDOon
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Wadge O O (1970s)

NN N N NN N
NN N

cofinality w cofinality > w

rank(clopen) = 1; rank(open) = rank(closed) = 2

rank ~ 2a (@ < w1): the o™ level of the difference hierarchy.
rank(F,) = rank(Gs) = w1.

rank = wf: the difference of two Gy sets or the diff. of two F, sets
rank = w‘1’: the o™ level of the diff. hierarchy over F,
rank(Fm;) = rank(Gs,) = w“".

® 6 6 6 o o

(]

rank = a)1 : the a™ level of the diff. hierarchy over F,
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Wadge O O (1970s)

NN NN NN
./ \./ \./ \./ \./ ./ \./
cofinality w cofinality > w

@ Rank w1 TT n (the n' level of the superexp hierarchy):
the n-th level of the Borel hierarchy.

@ Rank g,, [w]: the wﬁh fixed point of the exp. of base w1 :
the w-th level of the Borel hirarchy.

@ The Veblen hierarchy of base w1:
#.(7): the ¥y ordinal closed under +, sup,,c,,, and (#5)p<a-

@ Rank ¢,(1) (0 < @ < wy): The w®-th rank of the Borel hierarchy.
o rank(analytic) = rank(coanalytic) = sup,_,,, ¢:(1).
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@ SelivanovO O DODOOODOO (1983): 00 00O0OOCOOOOO
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@ Post000 (1944): 0000000000 OOOOOOODOOO
>, 000000000
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@ Friedberg-Muchnik (1957): Yes. 00000 %, 00000000
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(}:?D A?DDDD @O000000000000000000)

@ Friedberg-Muchnik (1957): Yes. OO0 000 4, 00000000
o ... O0000oO0000oo0ooooo0oO0 5, 00000
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’ Big Conjecture: ? contains no natural problems ‘
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v.D.O 10500 (Cabal’76-77) 0000000000000
O00000000000O0000010

0 601200 (Cabal’81-85) 00 1301400 (90s) 100000
0 5 (Martin) 0 0 140 O (Woodin; AD = AD¥) 0000000

v
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| Theorem: ? contains no very natural problems! |

?

Theorem (K. and Montalban, to appear in Trans. Amer. Math. Soc.)

(AD)DOO00DOO0OCOO00ODOOOOOOO0OD0 WadgeO OO O
obooooo

000000000000 POODOOOOODOOOO
0000000 X,yOoOOoooOo PXOPYOOODOODOOO:

X=rY = PX=, P".
O0O0X =7 YO witnessOO PX =, PY O witness 00000000, |
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000000000000 POOOOOOOOOOOOOOOON:
X=rY = PX=, PY.
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obo0oooOobOo=00000o0O0no
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Theorem (K. and Montalban, to appear in Trans. Amer. Math. Soc.)
(AD") Q O better-quasi-order (BQO)O OO0 O0000D0

OO00000bOO @bOoobooooboooo
QU000 WadgeOODOOOOOOOODO

@ (Kruskal O0) WQO (well-quasi-order) O O O

@ (Nash-Williams 1965) BQO (better-quasi-order) 0 00 O

@ (Block 2015) vsBQO (very strong better-quasi-order):

(Vf : [0]® » Q)(AX € [w]®) f(X) <q f(X7).

where X~ is the shift of X, thatis, X~ = X \ {min X}.

@ WO = vsBQO — BQO — WQO.

e IdDOOODOOODO BQO.

@ (Woodin) AD™ r Axiom of Ramsey:
(YA C [w]®)(3X € [w]®) ([X]® c Aor [X]*N A =0).

@ (K. & Montalban) Axiom of Ramsey 0 00 0 BQO = vsBQO.
(AROOOFfO Ellentuck DOOOOOODOOOOODOODOO)
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Theorem (K. and Montalban, to appear in Trans. Amer. Math. Soc.)
(AD") Q O better-quasi-order (BQO)O O OO O0O000D0

OO000O0o0obOO @boobooooobooo
QU000 WadgeOODOOOOOOOODO

BQOOOOOOOOO Wadge OO ODOOOOOOOOOOOOO
e 00 f,g:w”>QO000O00O

f<wg & (00 0)(YVx € w°) f(x) <a g ° 6(x).

@ van Engelen-Miller-Steel (1987):
QU0 BQO= Q-0000000O Wadge O OO BQO.

@ Block (2015): ADO OO0 OO
Q0 vsBQO = Q-0 000 Wadge O O O vsBQO.
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Q-UO00000o0oUoo (T,2r)UOOOvr: T>Q0O0O
Q-UO0D0DOO s, TOODODODODOODOO h:S>TOO
o <st = h(0) =71 h(7).
vs(o) <q vr(h(o)).

SAT &< 000 h:S->TOOOOOO
Tree(Q): @-0000000000O0O
UTree(Q): Tree(Q) 0 D000 DOODOOOD
B,(Q): @-0000 «00DO0

00O (Selivanov 2004; 2017)
QUOO0OOD0OO0OO0nOO
(B1(Q), <w) = ("Tree(Q), <)
(B2(Q), <w) = (HTree(Tree(Q)), 2)

Selivanov (2016) O 0000000000000 O0O0O0O0OOOOOOOOO
OO0OOOOOODOOOOOSelvanov (2017) 000000000 OOOOOO
gobooobooooog.
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Theorem (K. and Montalban)
QO BQOOOOO
(B1(Q), <w) = (“Tree(Q), <)
(B2(Q), <w) = (“Tree(Tree(Q)), <)
(B3(Q), <w) = (“Tree(Tree(Tree(Q))), <)
(B4(Q), <w) = (HTree(Tree(Tree(Tree(Q)))), )

O0o0ooooooon e0D000O00O0ooooon
(Bo(Q), <w) = (“Tree”(Q), Q)
gooooooooon
(Borel(Q), =w) = (Ua<w, “Tree?(Q), Q)

goooooooooboooooobobooooooboboooboo
0 O Friedberg’s jump inversion theorem U [0 O O O
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OO0 BQOOOOOOOOO
(EMS 87) @ 0 BQO = (Borel(Q), <w) O BQO.
oooooooo Tree"(Q)D BQOOODODOOOOODOO
oo00d0ooo0ooooooooooooo
Bn(Q) = Bh_1(Tree(Q)) = B,_2(Tree?(Q)) = ...
~ B,_x(Tree¥(Q)) =~ --- = By(Tree"'(Q)) = “Tree"(Q).
O0o0o0ooobooooooonono

Q=20000(B.(2),<w)00000O0Wadge, Duparc 0 0 OO
ooooooooo

Duparc 0O O0O 20000 00000000000O0C0O0O0OO0O0O
obooobOobOooobOobOoboooboobooon

00000 0Q@=200000000000000D0O00O0O
ooooooo

Oo0odoobQ@=2000000000C000(MODOOOOO
OO0000O0OO00O000DOOoO0O0oooo0Q@=20000000
obooooOobooooooobooon
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Corollary (K. and Montalban)
QO BQOOOOVNOOOOOOODOOOOOOOOO
(A3(Q) NVN, <) = (VTree(Q), 9)
(A2(Q) N VN, <m) = (HTree(Tree(Q)), <)
(A2(Q) N VN, <m) = (“Tree(Tree(Tree(Q))), <)
(A2(Q) N VN, <m) = (Tree(Tree(Tree(Tree(Q)))), <)

00000000000 e«0000000000000
(A3, (@) NN, <) = (“Tree”(Q), <)

goooooooooo
(A(@) N VN, <m) = (oo, “Tree” (@), )
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[3 T Kihara and A. Montalban, The uniform Martin’s conjecture
for many-one degrees, to appear in Transactions of the
American Mathematical Society (arXiv:1608.05065).

[4 T. Kihara and A. Montalban, On the structure of the Wadge
degrees of BQO-valued Borel functions, submitted
(arXiv:1705.07802).
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